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We perform a model independent study of the neutrino momentum distribution at freeze-out,
treating the freeze-out temperature as a free parameter. Our results imply that measurement of
neutrino reheating, as characterized by the measurement of the effective number of neutrinos Nν ,
amounts to the determination of the neutrino kinetic freeze-out temperature within the context of
the standard model of particle physics where the number of neutrino flavors is fixed and no other
massless (fractional) particles arise. At temperatures on the order of the neutrino mass, we show how
cosmic background neutrino properties i.e. energy density, pressure, particle density, are modified
in a physically consistent way as a function of neutrino mass and Nν .
PACS numbers: 51.10.+y,95.30.Cq,14.60.Pq,26.35.+c
I. INTRODUCTION
The relic (i.e. background cosmic) neutrinos
have not been directly measured [1, 2]. Their pres-
ence and properties are inferred from reaction dy-
namics throughout the history of the universe [3, 4].
Important properties of the free-streaming relic neu-
trino background include
1. The number of neutrino flavors, Nfν = 3 [5].
2. Ratio of photon to neutrino temperature
Tγ/Tν (reheating ratio).
3. Non-thermal distortions of the neutrino distri-
bution which, in the present work, are cap-
tured by the neutrino fugacity Υ.
4. Neutrino handedness, including effects of mass
captured in terms of solution of Einstein-
Vlasov equation for massive neutrinos, see sec-
tion IV.
For the purpose of computing the universe dy-
namics, all of these effects (excluding mass but in-
cluding neutrino handedness) can be summarized as
an effective number of neutrinos, a cosmological pa-
rameter defined for relativistic neutrinos by compar-
ing the total neutrino energy density to the energy
density of a massless fermion with two degrees of
freedom and standard photon reheating ratio,
N cν ≡
ρν
7
120pi
2
((
4
11
)1/3
Tγ
)4 . (1)
We emphasize that the cosmological effective num-
ber of neutrinos is distinct from the number of neu-
trino flavors, Nfν = 3, though the latter certainly
would impact the former should there be any doubt
about the value of Nfν .
The standard reheating ratio Tγ/Tν = (11/4)
1/3
implied in Eq. (1) arises from assuming that the en-
tropy from e± annihilation flows solely into photons.
N cν is normalized such that in the simplified model
where there are no non-thermal distortions and stan-
dard reheating holds then N cν = N
f
ν = 3. From now
2on, we will refer to N cν simply as Nν while N
f
ν will be
taken to be the standard model value of Nfν = 3 [5],
and from now on will be absorbed into the neutrino
degeneracy factor.
As we will show, the non-integer number of neu-
trino degrees of freedom Nν reported experimen-
tally [6] can be interpreted as an effect of neutrino
freeze-out and reheating. This motivate a full re-
examination of the neutrino freeze-out process em-
ploying the methods developed in the context of
particle freeze-out in quark-gluon plasma hadroniza-
tion [7, 8]. Our approach allows for us, in a model in-
dependent way, to relate the neutrino kinetic freeze-
out temperature to Nν .
Our model independent approach also allows us
to derive formulas for the neutrino energy density
and pressure after freeze-out as functions of both
the effective number of neutrinos and the neutrino
masses. These allow for a self consistent study of the
combined effects that a non-integer effective num-
ber of neutrinos and nonzero neutrino masses have
on cosmological observables, a problem that, as dis-
cussed in [9], has proven difficult to approach.
The standard theory of neutrino freeze-out,
based on the Einstein-Boltzmann equation with two
body scattering and standard neutrino weak interac-
tions [10–12], calculates a (small) non-thermal dis-
tortion of the neutrino distribution after freeze-out.
The current state of the art computation results in
a slight deviation of Nν from 3 due to the participa-
tion of the high energy tail of the neutrino distribu-
tion in reheating, and hence a small entropy transfer
from e± into neutrinos, together with the effect of
neutrino oscillations, leading to N thν = 3.046 [12].
Recent results from the nine-year WMAP ob-
servations, Table 7 of Ref.[13], and another inde-
pendent study of BBN [14] favor an effective num-
ber of neutrinos at BBN of Nν = 3.55
+0.49
−0.48 and
Nν = 3.71
+0.47
−0.45, respectively, while the newly re-
leased Planck data finds Nν = 3.30± 0.27 [6]. How-
ever, this fit produces a 2.5 s.d. tension with di-
rect astrophysical measurements of the Hubble con-
stant. Including priors from supernova surveys re-
moves this tension and result in Nν = 3.62± 0.25.
There is currently a significant degree of interest
in the precise value of Nν , due to its impact on the
spectrum of CMB fluctuations. At the current level
of precision, it is certainly possible that the above
measurements by these different methods agree, and
agree with the theoretical result N thν . Though far
from definitive, these results suggest the alternate
possibility that some mechanism in addition to stan-
dard two body scattering leads to a greater entropy
flow into neutrinos than predicted by standard weak
interactions and hence a value of Nν > 3.046.
Several scenarios for nonstandard neutrino in-
teractions have been investigated, included neutrino
electromagnetic properties [15–23] and nonstandard
neutrino electron coupling [24]. In this paper we
are not proposing a new mechanism for a modified
neutrino freeze-out, but rather perform a model in-
dependent analysis of the impact of a delayed freeze-
out on the neutrino momentum distribution – mo-
tivated by the question of what precisely the mea-
surement of Nν = 3.62±0.25 means for the neutrino
momentum distribution.
We work under the assumption that the increase
in Nν is due to the presence of conventional but not
easily identified interactions that keep neutrinos in
equilibrium with the background e±, γ plasma down
to a lower temperature. In other words, we treat the
kinetic freeze-out temperature, denoted by Tk, as a
free parameter determined by the unknown physics
and perform a parametric study of the dependence
of the neutrino distribution on Tk. We show that a
reduction in Tk, by whatever mechanism, leads to an
increase in Nν and is capable of achieving the values
seen in the Planck data.
There are two physical effects which combine in
our analysis to yield to the end result:
1. Chemical freeze-out, Tch, the temperature at
which particle number changing processes such
as e+e− ←→ νν¯ effectively cease, and ki-
netic freeze-out, the temperature Tk at which
all momentum exchanging processes such as
e±ν ←→ e±ν cease, are distinct. Once the
universe temperature drops below the chem-
ical freeze-out temperature Tch, there are no
reactions that, in a noteworthy fashion, can
change the neutrino abundance and so par-
ticle number is conserved. However, the dis-
tribution remains in kinetic equilibrium, and
hence exchanges momentum with e±, down
until T = Tk.
2. Our effect requires that the temperature in-
terval Tk < T < Tch overlaps with T ≈ me
when the electron-positron mass becomes a
significant scale and reheating occurs. This
allows annihilation of e± to feed energy and
entropy into neutrinos and reduce the photon-
neutrino temperature ratio Tγ/Tν . As we will
see, the freeze-out temperature for standard
model neutrino scattering processes is on the
border of this regime.
That ‘neutrino reheating’ leads to an increase in
Nν is quite well known [10–12], as it is precisely this
3effect that leads to the standard value ofNν = 3.046.
However, it is not well known that reheating of neu-
trinos is accompanied by an underpopulation of neu-
trino phase space relative to an equilibrium distribu-
tion. This underpopulation is characterized in the
present context by a little-known cosmological model
parameter, the neutrino fugacity Υν . Its significance
for neutrino cosmology has been previously recog-
nized [25, 26] but is not widely appreciated. On the
other hand, in other physical processes that involve
decoupling and freeze-out such chemical parameters
are in daily use as already noted [7].
Since we ask how the kinetic freeze-out Tk needs
to be modified in order to explain a given value Nν ,
in principle one can wonder if Tch should also change.
The general experience from other areas of physics
is that it is much more difficult to find changes in
Tch beyond two body interaction processes. The
reason that Tk is more easily modified is the possi-
ble appearance of collective coherent scattering pro-
cesses of the type neutrino-pasmon scattering which
add to elastic scattering and thus alter Tk but nor-
mally vanish in particle changing processes, leaving
Tch unchanged. Therefore, in our analysis, we con-
sider the chemical freeze-out process to be fixed by
standard model weak interactions. In addition to
the above motivation, even if Tch were modified, its
precise value is entirely immaterial to the present
study as long as Tch occurs before e
± annihilation
begins in earnest, as demonstrated in [27]. Under
this assumption, we examine the effect that a non-
standard neutrino kinetic freeze-out temperature Tk
has on the form of the cosmic neutrino distribution
and effective number of neutrinos after decoupling
in a model independent fashion (i.e. treating Tk as
a free parameter).
In section II we discuss the general form of the
non-equilibrium neutrino distribution, including the
significance of the fugacity parameter. In II B we
derive the form of the free-streaming neutrino distri-
bution using the Einstein-Vlasov equation. In II C
we compute various moments of the distribution. In
section III we compute the relation between neutrino
fugacity, the reheating temperature ratio, and the
kinetic freeze-out temperature. In section III C we
discuss the impact on the effective number of neu-
trinos. We discuss the combined impact of neutrino
mass and fugacity parameters when the temperature
is on the order of the neutrino mass in section IV. We
present our conclusions and discussion in section V.
II. NONEQUILIBRIUM NEUTRINOS
A. Chemical and Kinetic Equilibrium
Prior to the neutrino chemical freeze-out tem-
perature, Tch, number changing processes are signif-
icant and keep neutrinos in chemical (and thermal)
equilibrium, implying that the distribution function
of each neutrino flavor has the Fermi-Dirac form,
obtained by maximizing entropy at fixed energy
fc(t, E) =
1
exp(E/T ) + 1
, for T > Tch. (2)
When Tk < T < Tch, number changing process no
longer occur rapidly enough to keep the distribu-
tion in chemical equilibrium but there is still suffi-
cient momentum exchange to keep the distribution
in thermal equilibrium. The distribution function
is therefore obtained by maximizing entropy, with a
fixed energy, particle number, and antiparticle num-
ber separately, implying that the distribution func-
tion function has the form
fk(T,E) =
1
Υ−1ν exp(E/T ) + 1
, for Tk < T < Tch.
(3)
The fugacity, Υν ≡ eσ, controls the occupancy
of phase space and is necessary once T < Tch in
order to conserve particle number. The effect of
σ is similar after that of chemical potential µ, ex-
cept that σ is equal for particles and antiparticles,
and not opposite, as noted in [25, 26]. This means
σ > 0 (Υν > 1) increases the density of both parti-
cles and antiparticles, rather than increasing one and
decreasing the other as is common when the chem-
ical potential is associated with conservation laws
such as lepton number. Similarly, σ < 0 (Υν < 1)
decreases both. The fact that σ is not opposite for
particles and antiparticles reflects the fact that both
the number of particles and the number of antipar-
ticles are conserved after chemical freeze-out, and
not just their difference. The equality reflects the
fact that any process that modifies the distribution
would affect both particle and antiparticle distribu-
tions in the same fashion.
The use of Υν to account for the processes that
feed into neutrinos is nearly exact in the temperature
interval after chemical and before kinetic freeze-out,
since scattering processes re-equilibrate the momen-
tum distribution to this shape in order to maximize
the entropy content. However, it is an approxima-
tion when the additional particle feeding occurs near
kinetic freeze-out, where the energy dependence of
4the neutrino cross sections becomes significant, lead-
ing to an energy dependent freeze-out and therefore
additional non-thermal distortions. These could be
thought of as allowing Υν to be momentum depen-
dent. In the particular case investigated in [12],
these non-thermal distortions are small, below 5%.
In this work, we will restrict our attention to the
simplified model of a momentum independent Υν .
B. Einstein-Vlasov Equation in FRW
Spacetime
We begin our analysis with the simplest regime
(from the neutrino perspective), T < Tk, when both
number changing and momentum exchanging inter-
actions have ceased and neutrinos begin to freely
stream. The general relativistic Boltzmann equa-
tion describes the dynamics of a gas of particles that
travel freely in between point interactions in an ar-
bitrary spacetime [28–31]
pα∂xαf − Γjµνpµpν∂pjf = C[f ]. (4)
Here Γαµν is the affine connection (Christoffel sym-
bol), f is a function on the mass shell
gαβp
αpβ = m2, (5)
hence Greek indices are summed from 0 to 3 whereas
j is only summed from 1 to 3. When collisions are
negligible, such as for T < Tk, we have C[f ] = 0
and all particles move on geodesics, yielding the
Einstein-Vlasov equation.
We now specialize to collision free homogeneous
isotropic cosmological solutions and therefore as-
sume the flat FRW ansatz for the spacetime metric
g = dt2 − a(t)2(dx2 + dy2 + dz2). (6)
We will make the simplifying assumption of a per-
fectly homogeneous universe. See [32] for a review of
the results and challenges associated with the study
of inhomogeneities.
Due to homogeneity and isotropy, the neutrino
distribution function depends on t and p0 = E only.
Therefore Eq. (4) becomes
E∂tf + (m
2 − E2)∂ta
a
∂Ef = 0. (7)
The general solution to Eq. (7) is known. For exam-
ple, see [30] or [32].
f(t, E) = K(x), x =
a(t)2
D2
(E2 −m2), (8)
whereK is an arbitrary smooth function andD is an
arbitrary constant with units of mass. To continue
the evolution beyond the freeze out time, tk, we must
chooseK to match at tk the equilibrium distribution
Eq. (2).
With this in mind, we let
K(x) =
1
Υ−1ν e
√
x+m2/T 2
k + 1
(9)
and D = Tka(tk) to match Eq. (3) at freeze-out.
The Fermi-Dirac-Einstein-Vlasov (FDEV) distribu-
tion function for neutrinos after freeze-out is then
f(t, E) =
1
Υ−1ν e
√
(E2−m2)/T 2ν+m
2
ν/T
2
k + 1
(10)
where
Tν(t) =
Tka(tk)
a(t)
. (11)
Eq. (10) provides the distribution function that de-
scribes a gas of neutrinos that have been free stream-
ing in an expanding universe since they froze out at
Tν(tk) = Tk. We will call Tν in Eq. (11) the neutrino
background temperature, even though the distribu-
tion of free streaming particles has a thermal shape
only for m = 0. This language is, however, reason-
able since apart from the reheating factor of photons
due to e+e− annihilation, which we discuss in section
III, Tν tracks the photon background temperature.
C. Moments of FDEV Distribution
Here we compute the stress energy tensor, num-
ber current, and entropy current associated with the
distribution Eq. (10)
T µν = gν
8pi3
∫
f
pµpν
p0
√−gd3p, (12)
nν =
gν
8pi3
∫
f
pν
p0
√−gd3p, (13)
sµ = − gν
8pi3
∫
h
pµ
p0
√−gd3p, (14)
h = f ln(f) + (1− f) ln(1 − f)
where gν is the neutrino degeneracy (not to be con-
fused with the metric factor
√−g = a3). We first
work with the general form of f given in Eq. (8) and
later specialize to the explicit form Eq. (10).
Isotropy of the metric and of f in momentum
space implies that the off diagonal elements of the
stress energy tensor and spacial components of the
5particle number and entropy currents vanish and
that the pressure is isotropic. Hence we must com-
pute
T 00 = a3 gν
8pi3
∫
fEd3p, (15)
T ii = 1
3
a3
gν
8pi3
∫
f
|p|2
E
d3p, i = 1...3, (16)
n0 = a3
gν
8pi3
∫
fd3p, (17)
s0 = −a3 gν
8pi3
∫
hd3p (18)
where |p| is the Euclidean norm of the spacial com-
ponents of pµ and E = p0 is given by
m2ν = E
2 − a(t)2|p|2. (19)
Computing T 00 we find
T 00 = gνa
3
2pi2
∫ ∞
0
K((E2 −m2ν)/T 2ν )E|p|2d|p|
=
gνa
3
2pi2
∫ ∞
0
K(a2p2/T 2ν )(m
2
ν + a
2p2)1/2|p|2d|p|
=
gν
2pi2
∫ ∞
0
K(z2/T 2ν )(m
2
ν + z
2)1/2z2dz (20)
where we made a change of variables z = a(t)|p|.
Note that z is the physically measured momentum.
Similarly
T ii = gν
6pi2a2
∫ ∞
0
K(z2/T 2ν )(m
2
ν + z
2)−1/2z4dz,
(21)
n0 =
gν
2pi2
∫ ∞
0
K(z2/T 2ν )z
2dz, (22)
s0 = − gν
2pi2
∫ ∞
0
H(z2/T 2ν )z
2dz, (23)
H = K lnK + (1 −K) ln(1 −K). (24)
We now rename z to p, so that p represents the
magnitude of the physical momentum, drop the su-
perscripts, and insert Eq. (9) for K, giving the en-
ergy density, pressure, and number density for each
neutrino flavor
ρ =
gν
2pi2
∫ ∞
0
(
m2ν + p
2
)1/2
p2dp
Υ−1ν e
√
p2/T 2ν+m
2
ν/T
2
k + 1
, (25)
P =
gν
6pi2
∫ ∞
0
(
m2ν + p
2
)−1/2
p4dp
Υ−1ν e
√
p2/T 2ν+m
2
ν/T
2
k + 1
, (26)
n =
gν
2pi2
∫ ∞
0
p2dp
Υ−1ν e
√
p2/T 2ν+m
2
ν/T
2
k + 1
. (27)
These differ from the corresponding expressions for
an equilibrium distribution in Minkowski space by
the replacement m → mTν(t)/Tk only in the expo-
nential.
By making a change of variables u = p/Tν, one
sees that both n and s are proportional to T 3ν . By
definition, Tν is inversely proportional to a, hence
a3n = constant and a3s = constant. (28)
This proves that the particle number and entropy
in a comoving volume are conserved. We emphasize
that this result does not depend on the particular
form of K that defines the shape of the momentum
distribution at freeze-out. Note further that since an
eV scale or below neutrino mass is at least 6 orders
of magnitude smaller than Tk, we can ignore the
neutrino mass in the exponent. This remark does
not extend to the energy factor multiplying the FD-
distribution in the calculation of energy density or
pressure and therefore Eq. (25) and Eq. (26) have un-
usual properties, while Eq. (27) is just what one may
naively expect, remembering that the mass term in
this expression is completely negligible.
III. NEUTRINO FUGACITY AND PHOTON
TO NEUTRINO TEMPERATURE RATIO
To complete our characterization of the neutrino
distribution as it would have evolved from decou-
pling until recombination, we must understand the
relation between the the kinetic freeze-out tempera-
ture, photon to neutrino temperature ratio, and the
fugacity. To that end, we now focus on the regime
between chemical and kinetic freeze-out, Tk < T <
Tch.
Before the reheating period, neutrinos, photons,
electrons, and positrons have the same temperature.
When the temperature approaches and drops below
the electron mass, the electrons and positrons an-
nihilate. After photon reheating, both the neutrino
and photon temperatures evolve inversely propor-
tional to a, so their ratio after reheating equals their
ratio today. The resulting ratio of photon to neu-
trino temperatures has often been studied, but not
the type of model independent study of the Tk pa-
rameter space that we present here. In the following
we use subscripts 1 and 2 to denote quantities before
and after reheating, respectively.
We first outline the physics of the situation qual-
itatively. For Tk < T < Tch, the evolution of the
temperature of the common e±, γ, ν plasma and the
neutrino fugacity are determined by conservation of
6comoving neutrino number (since T < Tch) and con-
servation of entropy. The latter condition is not ex-
actly correct once one drops the assumption of an
instantaneous chemical freeze-out, but it is a very
good approximation as shown in [27]. As shown in
section II, after thermal freeze-out the neutrinos be-
gin to free-stream and therefore Υν is constant, the
neutrino temperature evolves as 1/a, and the co-
moving neutrino entropy and neutrino number are
exactly conserved Eq. (28). The photon tempera-
ture then evolves to conserve the comoving entropy
in photons, electrons, and positrons. As annihila-
tion occurs, entropy from e+e− is fed into photons,
leading to reheating. We now make this analysis
quantitative in order to derive a relation between
the reheating temperature ratio and neutrino fugac-
ity.
When the (common) temperature T1 is much
larger than the electron mass and Tk, the entropy in
a given comoving volume, V1, is the sum of relativis-
tic neutrinos (with Υν = 1), electrons, positrons,
and photons
S(T1) =
(
7
8
gν +
7
8
ge± + gγ
)
2pi2
45
T 31 V1 (29)
where T1 is the common neutrino, e
+e−, and γ
temperature. The number of neutrinos and anti-
neutrinos in this same volume is
Nν(T1) = 3gν
4pi2
ζ(3)T 31 V1. (30)
The particle-antiparticle, flavor, and spin-helicity
statistical factors are gν = 6, ge± = 4, gγ = 2.
As discussed above, distinct chemical and
thermal freeze-out temperatures lead to a non-
equilibrium modification of the neutrino distribution
in the form of a fugacity factor Υν . This leads to the
following expressions for neutrino entropy and num-
ber at T = Tk in the comoving volume
S(Tk) =
(
2pi2
45
gγT
3
k + Se±(Tk) + Sν(Tk)
)
Vk,
(31)
Nν(Tk) = gν
2pi2
∫ ∞
0
u2du
Υ−1ν (Tk)eu + 1
T 3kVk. (32)
After neutrino kinetic freeze-out and when T ≪
me, i.e. after reheating has completed and almost all
of the e+e− have annihilated, the entropy in neutri-
nos is conserved independently of the other particle
species, the electron entropy is negligible, and the
photon entropy is
Sγ(T2) =
2pi2
45
gγT
3
γ,2V2. (33)
Note that we must now distinguish between the
neutrino and photon temperatures.
Conservation arguments give the following three
relations.
1. Conservation of comoving neutrino number:
T 31 V1
T 3kVk
=
2
3ζ(3)
∫ ∞
0
u2du
Υ−1ν (Tk)eu + 1
. (34)
2. Conservation of e±, γ, neutrino entropy before
neutrino freeze-out:(
7
8
gν +
7
8
ge± + gγ
)
2pi2
45
T 31 V1 = (35)(
Sν(Tk) + Se±(Tk) +
2pi2
45
gγT
3
k
)
Vk.
3. Conservation of e±, γ entropy after neutrino
freeze-out (at this point, neutrino entropy is
conserved independently):
2pi2
45
gγT
3
γ,2V2 =
(
2pi2
45
gγT
3
k + Se±(Tk)
)
Vk. (36)
These relations allow us to solve for the fugacity,
reheating ratio, and effective number of neutrinos in
terms of the freeze-out temperature, irrespective of
the details of the dynamics that leads to a particular
freeze-out temperature.
A. Neutrino Fugacity
For T ≫ me the universe is radiation domi-
nated and T ∝ 1/a. Therefore we can normalize
the scale factor so that T 31 V1 → 1 as T1 → ∞.
With this normalization, Eq. (34) and Eq. (35) be-
come two equations that can be solved numerically
for Υν(Tk), shown in figure 1, and a(Tk) = V
1/3
k .
We emphasize that Υν 6= 1 is an unavoidable conse-
quence of the freeze-out process, whenever the inter-
val Tk < T < Tch contains temperatures on the order
of the electron mass. This latter condition is criti-
cal. If freeze-out occurs while e± are still effectively
massless then, after settingm/Tk = 0 in Eq. (35), we
see that T 31 V1 = T
3
kVk i.e. the temperature evolves
as T = 1/a. Inserting this into Eq. (34) then implies
that Υν = 1. This behavior is seen in figure 1 when
Tk/me is large. When Tk/me = O(1) this argument
no longer holds; there is no longer any solution with
Υν = 1. From figure 1 we see Υν is monotonically
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FIG. 1: Deceleration parameter (left axis) and log of neu-
trino fugacity (right axis) as functions of kinetic freeze-
out temperature.
decreasing with Tk, indicating an underpopulation
of phase space compared to equilibrium.
Figure 1 also shows the deceleration parameter
q ≡ − a¨a
a˙2
=
1
2
(
1 + 3
P
ρ
)
. (37)
For a purely radiation dominated universe q = 1.
A mass scale that becomes relevant at a particular
temperature causes q to drop below unity, towards
the matter dominated value q = 1/2. q < 1 is there-
fore an indicator that conditions are right for Υ to
be pushed off of its equilibrium value of unity if in
addition we have Tk < T < Tch, per our discus-
sion above. A similar plot was obtained in Ref.[27]
for a more detailed model of a smooth (i.e. not in-
stantaneous) chemical freeze-out, where we showed
that the instantaneous freeze-out approximation has
error of less than 1%. The result of the argument
given here is equivalent to the entropy conserving
curve in that figure in Ref.[27]. Considering the cur-
rent neutrino mass bounds of O(0.1) eV, the values
of σ achievable in a delayed freeze-out scenario are
comparable to mν/Tr where Tr = 0.253 eV is the
recombination temperature. This suggests that the
effects of σ may compete with the impact of neutrino
mass. We will discuss this further in section IV.
B. Reheating Ratio
We now derive the relation between the reheat-
ing temperature ratio and neutrino fugacity. Using
Eq. (35) and Eq. (36) we can eliminate Se±(Tk) and
obtain (
7
8
gν +
7
8
ge± + gγ
)
2pi2
45
T 31 V1 (38)
− Sν(Tk)Vk = 2pi
2
45
gγT
3
γ,2V2.
Note that this by no means implies that the entropy
remaining in e+e− at freeze-out plays no role in
our discussion; it was crucial for computing Υν(Tk),
shown in figure 1.
Dividing both sides of Eq. (38) by 2pi
2
45 gγT
3
kVk
and using Eq. (34) we find
2
3ζ(3)
(
1 +
7
8
gν + ge±
gγ
)∫ ∞
0
u2du
Υ−1ν (Tk)eu + 1
(39)
− 45
2pi2gγ
Sν(Tk)/T
3
k =
T 3γ,2V2
T 3kVk
.
From Eq. (11), the neutrino temperature after
kinetic freeze-out is
Tν,2 =
a(tk)Tk
a(t2)
=
(
VkT
3
k
V2
)1/3
. (40)
Therefore Eq. (39) gives the photon to neutrino tem-
perature ratio after freeze-out as a function of the
neutrino fugacity
2
3ζ(3)
(
1 +
7
8
gν + ge±
gγ
)∫ ∞
0
u2du
Υ−1ν eu + 1
(41)
− 45
2pi2gγ
Sν(Tk)/T
3
k =
(
Tγ
Tν
)3
.
We emphasize that Sν(Tk) scales as T
3
k and so
Sν(Tk)/T
3
k depends only on Υν . We now write Υν =
eσ and Taylor expand log (Tγ/Tν) about σ = 0 to
obtain
Tγ
Tν
= aΥbν
(
1 + cσ2 +O(σ3)
)
, (42)
a =
(
1 +
7
8
ge±
gγ
)1/3
=
(
11
4
)1/3
≈ 1.4010, (43)
b =
pi2
27ζ(3)
1 + 78
gν+ge±
gγ
− 36458pi6 ζ(3)2 gνgγ
1 + 78
g
e±
gγ
(44)
≈ 0.367, (45)
c ≈ −0.0209. (46)
The second order coefficient, c, is significantly
smaller than than b, making the power law approx-
imation very accurate (to within 2% relative error)
8in the region of interest .4 ≤ Υν ≤ 1. For additional
precision we have included the second order term as
well, bringing the relative error down to less than
5× 10−4 over the same range of Υ.
The above analytic discussion presents another
perspective on the power law obtained in [27] us-
ing the more complex model of a smooth chemical
freeze-out. There, we found the nearly identical re-
lation
Υν = 0.420
(
Tγ
Tν
)2.57
(47)
to within 1% over the region .4 ≤ Υν ≤ 1 by a
numerical fitting procedure rather than an analytic
argument. For comparison with parameters a, b in
Eq. (43) and Eq. (44), this numerical approximation
translates to
Tγ
Tν
= a˜Υb˜ν, a˜ ≈ 1.4015, b˜ ≈ 0.389. (48)
C. Effective number of neutrinos
For (effectively) massless neutrinos, a deviation
of the distribution function from the equilibrium
form with standard reheating is summarized by
the effective number of neutrinos, Nν , defined in
Eq. (1). As discussed above, the currently accepted
theoretical value is Nν = 3.046 [12] after reheating,
while Planck data gives Nν = 3.36 ± 0.34 (CMB
only) and Nν = 3.62± 0.25 (CMB +H0) [6].
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FIG. 3: Nν after reheating, as a function of photon to
neutrino temperature ratio.
After reheating, both Tν and Tγ evolve inversely
proportional to the scale factor, and so the reheating
ratio remains constant. Combining this with the fact
that for massless neutrinos, ρν is proportional to T
4
ν
implies Nν = constant after reheating, at least un-
til the temperature reaches the neutrino mass scale,
at which point the definition Eq. (1) becomes inap-
propriate for characterizing the number of massless
degrees of freedom. Even after the neutrino mass
scale does become relevant, we will still use Nν to
refer to the value of the effective number of neutri-
nos that was established at freeze-out, even though
the relation Eq. (1) will no longer hold.
Using Eq. (42) and Υν(Tk) from figure 1 we ob-
tain Tγ/Tν and Nν after reheating as a function of
Tk. Most importantly, note that the decrease in the
reheating ratio is able to overcome the drop in phase
space occupancy Υν < 1, the combined effect being
an increase in Nν as shown in figure 2. It saturates
for small Tk since both Υν and the reheating ratio
do.
We see that the effect of a delayed freeze-out is
capable of matching a non-integer number of neutri-
nos in the range that is currently favored by Planck.
In figure 2 the vertical lines indicate the value of
the freeze-out temperature that corresponds to the
indicated value of Nν . A measurement of Nν there-
fore is here demonstrated as being a measurement
of the kinetic freeze-out temperature. Moreover, the
measurement of Nν also determines the reheating
temperature ratio between photons and neutrinos,
shown in the solid line in figure 3. Here the horizon-
tal lines guide the eye.
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FIG. 4: Effective number of neutrinos after reheating, as
a function of σ.
Figure 4 shows the effective number of neutrinos
after reheating, as a function of σ = lnΥ. Using
the second order expansion for the reheating ratio
in Eq. (42), we can also present the analytic formula
Nν =
360
7pi4
e−4bσ
(1 + cσ2)4
∫ ∞
0
u3
eu−σ + 1
du
(
1 +O(σ3)
)
.
(49)
where a, b, c are the same as in Eq. (42). The relative
error of this approximation is less than 0.002 over
the range −0.9 ≤ σ ≤ 0. The second order Taylor
expansion of the integral in this expression is not
sufficiently accurate over the desired range of σ, so
we leave it in the presented integral-analytic form.
For applications, it must be evaluated numerically.
IV. NEUTRINO MASS AND FUGACITY IN
ION RECOMBINATION ERA
To this point, we have characterized the freeze-
out process in terms of the kinetic freeze-out tem-
perature Tk and obtained the form of neutrino mo-
mentum distribution that results. In section II B we
presented a solution of the free streaming dynamics
of neutrinos which allows us to obtain the form of
neutrino distribution at any later epoch.
The precise form of the neutrino distribution
and in particular the fugacity parameter Υν = e
σ
we introduced in this paper become physically rele-
vant when the Universe temperature approaches and
drops below the neutrino mass. This is so since as
long as the neutrino mass is negligible, the shape
of the neutrino distribution as determined in this
work has no impact on expansion dynamics of the
Universe considering that, in the absence of a scale
parameter, there is no modification of the equation
of state. We now characterize the regime when the
mass of neutrinos become a relevant scale including
the effects of fugacity Υν .
To compare the energy density Eq. (25) and
pressure Eq. (26) to that of a massless particle dis-
tribution with Υ = 1, we make a change of variables
u = p/Tν and neglect terms involving m/Tk ≪ 1
ρEV ≃ gνT
4
ν
2pi2
∫ ∞
0
(
m2ν/T
2
ν + u
2
)1/2
u2
Υ−1 exp(u) + 1
du, (50)
PEV ≃ gνT
4
ν
6pi2
∫ ∞
0
(
m2ν/T
2
ν + u
2
)−1/2
u4
Υ−1 exp(u) + 1
du, (51)
where the upper index ‘EV’ reminds us that we have
used the Einstein-Vlasov free streaming solution for
the neutrino distribution. For m≪ Tν the massless
equation of state ρEV = 3PEV holds, but when Tν
is on the order of the mass, the mass term becomes
important and modifies the equation of state. The
lack of a mass term in the exponential gives this
a distinctly different behavior from the equilibrium
Fermi-Dirac distribution.
To illustrate the effect of fugacity and neutrino
mass on the equation of state, we examine the en-
ergy density and pressure of the neutrino distribu-
tion. We separate off the zero mass, Υν = 1 contri-
butions from a single neutrino flavor with standard
reheating by defining
ρ0 =
7pi2
120
[(
4
11
)1/3
Tγ
]4
, P0 = ρ0/3. (52)
We note that ρEV /ρ0 and P
EV /P0 are func-
tions of (m/Tγ)
2, and Nν , where the latter depen-
dence is obtained by inverting both Υ(Tγ/Tν) from
Eq. (42) and Nν(Υ) from Eq. (49) in order to obtain
Tγ/Tν(Υ) and Υ(Nν). In practice, these inversions
are best done numerically. Thus the quantities of in-
terest are ρEV /ρ0 from Eq. (50) and Eq. (52) and the
corresponding expressions for the pressure, both as
functions of δNν = Nν − 3 and β = mν/Tγ . Again,
we emphasize that here Nν refers to the value of the
effective number of neutrinos that was established
at neutrino freeze-out when neutrinos were still ef-
fectively massless. At the temperatures we are now
considering, Eq. (1) no longer applies.
The functional dependence of the energy density
and pressure that we find is best characterized by a
simple polynomial representation that arises from a
10
least squares fit:
ρEV /ρ0 = Nν + 0.1016
∑
i
β2i + 0.0015δNν
∑
i
β2i
− 0.0001δN2ν
∑
i
β2i − 0.0022
∑
i
β4i , (53)
PEV /P0 = Nν − 0.0616
∑
i
β2i − 0.0049δNν
∑
i
β2i
+ 0.0005δN2ν
∑
i
β2i + 0.0022
∑
i
β4i . (54)
For a single massive neutrino, these fits are valid to
within 2% and 5% relative error respectively in the
region 3 ≤ Nν ≤ 5, 0 ≤ mν/Tγ ≤ 4. Note that the
upper limit is sufficient to cover the era of electron-
ion recombination at Tγ = O(0.3) eV and neutrino
masses less than the upper bound
∑
mi < 0.23 eV
reported in [6].
For small mass to temperature ratios, the fit de-
pends only on the sum of neutrino masses squared,∑
i β
2
i ≡ (
∑
im
2
i )/T
2
γ . However, the fourth order
term is not negligible over the chosen fitting region.
Removing that term results in a maximum relative
error between the fit and the exact result of greater
than 25%. This indicates that one maybe able to
use a fit to cosmic data to constrain the hierarchy
structure of the neutrino mass spectrum using the
fitted values of
∑
im
2
i and
∑
im
4
i .
The formulas in Eq. (53), or the more precise
quantities Eq. (50) and Eq. (42) that we fit in order
to obtain them, should be used when exploring the
combined effects of Nν 6= 3 and neutrino mass on
cosmological observables as they properly capture
the interplay between neutrino mass and the shape
of the neutrino distribution in terms of physical ob-
servables. In particular, they can be used to extract
fits to
∑
im
2
i and
∑
im
4
i while separating off the
effects of the confounding variable Nν .
Similarly we find the net number of neutrinos
after freeze-out as function of the effective number of
neutrinos Nν . Using Eq. (27), Eq. (42), and Eq. (49)
to Taylor expand the neutrino number density as a
function of δNν we find
ntoday = (0.1993 + 0.02429δNν)T
3
γ . (55)
In the present day Universe, at Tγ = TCMB = 0.2349
meV, we show both the exact and linearized results
in figure 5. We note that at δNν = 0 we find 112.6
cm−3 per flavor, in close agreement with [32].
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FIG. 5: Total neutrino and anti-neutrino number den-
sity in the Universe ‘today’ as a function of Nν , both
exact (solid) and linearized (dashed). The photon den-
sity (dot-dashed) is also shown as a reference.
V. DISCUSSION
The cosmic neutrino momentum distribution is
a critical input into our understanding of the spec-
trum of CMB fluctuations and arguably its under-
standing is a prerequisite for the consideration of
cosmic neutrino detection opportunities. Motivated
by hints of a tension between the Planck results
and the standard theory of neutrino freeze-out ex-
pressed by a noticeably non-integer value of the ef-
fective number of neutrinos Nν , we have undertaken
a model independent study of the effect of a delayed
kinetic freeze-out on Nν , and more generally on the
form of the neutrino momentum distribution. The
search for reaction mechanisms that can produce a
reduction in the neutrino freeze-out temperature Tk
from a value near Tk/me ≃ 1.1 to a value perhaps
as small as Tk/me ≃ 0.35, see figure 2, is a topic for
future investigation.
Possible participation of neutrinos in e± anni-
hilation reheating and hence a ratio of photon to
neutrino temperature that is closer to one, and thus
Nν > 3 is a well known fact [12]. However, less
appreciated is the impact of neutrino reheating on
neutrino fugacity Υν , the factor describing the the
neutrino distribution compared to chemical equilib-
rium Υν = 1.
We have shown how an increase in Nν is nat-
urally interpreted to be due to a delayed neutrino
kinetic freeze-out temperature Tk. We derived an
approximate power law relation, Eq. (42), between
the fugacity factor and the photon to neutrino tem-
11
perature ratio that arises from a delayed freeze-out.
We found a fugacity Υν less than unity, and thus an
underpopulation of phase space compared to chem-
ical equilibrium.
After freeze-out, neutrinos freely stream
through the expanding universe. The non-thermal
modification from the fugacity factor is frozen into
the shape of the distribution. We derived how
this modified neutrino distribution evolves as the
universe expands and explored how the energy
density and pressure are modified, including in this
study the interplay of fugacity and neutrino mass.
We note that these effects impact the cosmological
study of the question of neutrino mass hierarchy:
the effects we present in Eq. (53) and Eq. (54)
produce a functional dependence on both
∑
im
2
i
and
∑
im
4
i .
The fits Eq. (53) and Eq. (54) of the exact, but
intractable Eq. (50) and Eq. (51) show how the en-
ergy density and pressure are self consistently mod-
ified when both neutrino mass and a non-integer
Nν are present. The latter dependence is expressed
by using Tγ/Tν(Nν) and Υν(Nν) in Eq. (50) and
Eq. (51) as discussed in section IV. This polyno-
mial presentation of the cosmic neutrino energy den-
sity and pressure resolves an old problem of cosmic
neutrino physics by allowing a physically consistent
treatment of the combined effects of neutrino mass
and δNν as long as the magnitude of δNν follows
from neutrino freeze-out dynamics.
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